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ABSTRACT \' 
·' 
The concept and basic theory of regular p-groups was 
introduced by Philip Hall in March, 1932, in his paper 
"A Contribution to -the Theory of Groups of Prime-power 
Order''. Since that time not only Philip Hall, but also 
J. L. Alperin, C. Hobby, Otto Grun, and P.M. Weichel have 
l. 
studied regular p-groups. This thesis is a collection of 
. . 
the main results in this field. 
Chapter 1 describes P. Hall's collecting process an·d 
the results flowing from it which motivated the notiort of 
! 
··""'· 
regular p-groups. In Chapter 2 we examine sufficient co.rt.d:·i.-· 
tions fqr p-groups. to be regular. We use W. R. Scott's 
:p·r·.o·o.f to show one of the most important of these conditions, 
which is that for every a and b in a p-~roup G 
exists a c in <a,b>1 such that (ab)P = aPbPcP. 
there 
Also in 
Chapter 2 we show the following results of P. Hall: i.f· 
. a - --G 1.s a .regular p-group, then the p th ·powers of e:lernents of 
G form a subgroup Va, and the order of the product of any 
number of elements of G cannot exceed the orders of all 
the factors. Thus the elements of a regular p-group whose 
orders divide pa form a subgroup.0. . All results in Chapter a 
3 are due to P. ~ Hall.. The essence of this chapter is the 
definiti9n of the.invariantµ for a regular p-group as well 
ill 
as the following theorem. The· order p· a of ~/~-l is 
.•· 
-~-
: .. 2·.·· 
', 
,,, 
equal to the order of -U-a_1/Ua. for each a= l, .• ,.,µ. 
Further, the invariants illa satisfy 
Chapter 4 deals with the direct product of regular p~groups 
by giving conditions under which such a direct product is 
regular. Two of Griin's results, which we prove iri' this 
chapter, are as follows.· For regular. p·-groups G1 and 
Gz 
Gl 
1 
-. 
•. 
··: 
where 
and 
or o. 
. 
. 
Gl X 
G2 are 
Gz = G 
less 
./\ ~ 
. . 
(.\, 
G • regular 1.S 
' 
than p or if 
(' 
I· 
·/ 
,. .,~· 
if 
Gl 
2 
the classes of 
has invariant 
.-
·?' 
' I 
·-
" 
.•.• ~ I k¥ vr lllii11111.' • b. +~· •·~~ 
... 
' -
........... 
., 
NOTATION 
To facilitate making references, definitions, lemmas, 
theorems, corollaries, and remarks are numbered consecutively 
• 6 I 
with respect to each of the four chapters. Thus 3.5 refers 
·to the third chapter, fifth numbered paragraph. We shall 
~ 
give credit for a lemma or theorem by placing the author's 
name in parentheses following the word lemma or theorem. 
Roman and Arabic numerals in parentheses and *'sonly have 
significance in the numbered paragraph in which they are 
·introduced. The letter p will always denote a prime, 
and each· of a and n will denot~ a Pofiti_ve integer, 
. -,\ 
unless otherwise stated. By the class of ~1 group 
, . ~· 
G, we 
' 
mean the nilpotent class. In this paper we are discussing 
··finite groups only. The following notation will be used . 
(at~> is the group generated by a and b. 
-
Mr. 
G1 is the derived group of the group G.' 
xY = y-1xy where x and y are group elements. 
e is the identity elemen~of a group. 
o(G) denotes the order of a group G. 
•: 
?(denotes the positive integers-. 
,,ACB A • properly contained • B. means l.S in 
AS B A • contained • B • means l.S in 
~ 
;alb means a ~.divides b where a and b are 
• .. • 
integers. 
{xP0 G} 1Ta(G) where G - • X l.S in l.S a p-group • 
and • non-negative integer . a l.S a 
• 
:~ 
-.. 
.... 
.J1. (G) = fx in G: 
Cl l o(x) I pa where G • 1.s a p-group, 
and· a is a non-negative integer. 
r 
l· B. ,.~denotes the direct sum of the groups B .. , l. l. 
" i=l 
• 
- 1, ... , r . l. -
N(A) denotes the normalizer of the subgroup A of a 
group. 
G x H denotes the internal direct product of the 
subgroups G and H. 
. .. 
.. 
... 
' 
,' 
: ·~'.· 
< 
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.. 
\. 
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CHAPTER 1 
·• ' 
HALL's COLLECTING PROCESS 
Definitions. 
-1 -1 
a. a. a.a. 
l. J l. J 
Let G = (a1, .• ,,ar>, Then (ai,aj) = 
is called the (simple) commutator of a1 
and a .• We shall write J 
and inductively 
' 
~-
.. 
, . 
·w,here each b. 
J 
.. 1.s an a . , i = 1., . • ., , r . l. 
·c:alled simple commutators on a_.--1 ,-.•... ,a . .. . r 
The above are 
The components 
.. 
o:f '(l) and (2) are h1,bz,b3 and b 1' ••• , b-q respect-
ively. We now define by recurrence what we me.an .by _a: 
compl~x commutator of w·eight m in the components 
$ 
a1, a 2, ... , ar. The complex commutators of weight l_ 
are the elements a 1 ,a2 , ... ,ar themselves. Assurn-in,g· 
., 
that all complex commutators of weight less than m 
have· already been defined, we define those oft weight m 
~ to be all the expressions of the form . (c., c.) where 
. l J 
c. and c. are any complex commutators of weights rn1 l. J 
and w2 iµ the components· a 1,a2 , .•. ,ar respectively 
-such that w1 + rn2 = w. An example of a complex 
• commutator 1.s 
.... 
:"Q' • . . 
' I 
:1 .•. 2 
·, 
, 
6 
Throughout the rest of this chapter by a commutator we 
shall mean a complex commutator on a 1,.~•,ar only. 
Since we are thus restricting our commutators, their 
components will be the a 's . -
. ' .l. ~ 1. . . 1, ... ,r. Consequently 
the weight of such a commutator is simply the number 
of I • - 1, ... , r, involved • it's • a. s, l. in express 1.on. 1. 
For weight of ·* example the • five. l.S 
·-
:Remarks. It • possible that elements l.S as group 
((a1,a2),a3) = ((a1,a2), (a3 ?a4)); however, we shall 
.not consider them equal as commutators. As commutators 
(ci, cj) is the same as · (cs, ct) if and only if 
and Thus. there is no arnb~guity :i:n 
our definition of weight of a commutator . 
. 
We order the commutators by 
(i) a1, ••• , ar are simply ordered by ·-t:h.e ·ru.l·e 
a1 < a2 ( ... <ar and 
(i·.i·).· commutators of wieght n. w·ill follow al:l 
commutators of weight less than n, c.tn·d· £:or, 
weight n, (ci,cj) < (ck,c1) if cj < ·<:£. or 
J/" . if c. and c0 are the same commutators and ~ J ~ 
Ci ( Ck. 
Our objective is to develop a formula for 
( . )n · t f t t W f. t .a1a2 ... ar · 1.n erms o commu a ors. e 1.r_~•·· 
~ 
observe that for any two commutators c and d 
• 
** cd = de (c,d). 
. . ····· .. , -·------- • ...~ ... ·" . ., ..... ,., ..... "-.-,- J~'•··~· ··-····,··· 
>/ 
~ 
;. 
n . Now (a1 ... ar) = (a1 ... ar)(a1 ... ar) ..• (a1 .•. ar)' • 
n-times. To avoid confusion of terms we write the 
right hand ·Side as 
a 1 ( 1) a 2 ( 1) . • . a r ( 1) a 1 ( 2 ) a 2 ( 2 ) . • . a r ( 2) . • . a r ( n-) . 
Applying ** we have 
(a 1a2 ... ar)n = a1 (l)a2(1) •.. ar-l(l)a1(2)ar(l)(ar(l), 
a 1 (2))a2 (2) ... ar(n). Hence we have._moved a 1 (2) one 
place to the left and introduced a commutator 
(ar(l),a1 (2)). In this manner we continue to move 
a 1 (2) to the left until it is next to a1(1). We 
then move a1 (3) "Cb the left until .i:C is next to a1 (2), 
and we continue until we have moved .all the a1
1 s to 
the far left. This cpmpletes the fi·rst stage of col-
., , lection. 
•'ij -- _.~.s _·; -- ~. The proceedure is known as: t:he collecting 
process. We now collect in order az(l),a2(2), ... , 
a 2 (n) immediately ·to the ri_ght of a1 's and thus 
- complete the second stage of· collection. At the 
end of the ith stage we have 
i :co:rnmutators and 
· .... 
R1, ... ,Rt are commutators later than c. 
·1. in the ordering. 
Observe that some commutators will not a.ppear. If ~·'\ 
R. ,R. , ... ,R. are in order from left to right the Jl J2 JS 
commutators among ~1, .•• ,Rt wh;i.ch are ci+l' we apply 
** to move R. to the posit ion immediately to the right-· 
e. J 1 
· .. of c. 1 • We then move R. , .•• , R. • Thus with e1..+l = s 1. J2 Js 
.. 
,c_______ 
"8 .. 
·1 .•. 3 
*** becomes 
.T·.1 • •• Tk i 
where T1, ..• ,Tk are commutators later than ci+l in 
the ordering. This is the i + 1 th stage. ., .. 
Although P. Hall introduced the collecting-process, 
the source of the above discussion, as well as the 
following theorem and corollary, is M. Hall.' By pre-
senting the collecting'process formally, we could have 
set up the machinery needed to prove the theorem in 
.• 
this chapter; however., the theorem is too far removed·· 
from regularity. We are mainly interested in it's 
corollary. 
Theorem (M. Hall). Let G = (a .. 1.) ••.• -:; at>. The 
may be co·11ec.ted i·n the form 
.ei 
C R .. -R. 
. . . i · :1 • •• · :t 
where cr+l' .•. , ci are commutators on a;1,,:• ... ,_.a·r 
...... 
·1I1 
...... 
order, and R1, •. " , Rt are commutator~ -on :a1., ..•.•. :, ar 
.. 
later than.c. in the ordering. 1. -
ej = b 1n + b 2n< 2>+ ... +bmn(m) 
, . 
For 1 ~ .. J. -~- i, 
where m · is: the weight 
of c., the b's are non-negative integers which depend J 
only on c., and n(k)_ = n(n-1) ... (n-k+l)/k! . J 
1. 4 Corollary (M. Hall). If G is a p-group of c.l.a--s::s le·s:s 
than 
t:·· 
., 
i;,. 
• 
I II 
. .I 
. I 
. i 
= 
. I 
~ II 
[ 
[ 
[ 
[ 
l 
i 
I 
I 
D 
t: 
., 
., 
. .
1 where s1,s2 , .•. ,st belong to <ap.••·,ar> . 
Proof. From the theorem we have 
·9 
where we have collected all commutators of weight less 
than p. Then the .Rj, .J =l, .. • . , t, are of weight at 
least p and thus belo1tg td at least the pth member 
of the lower central series of G. Since G has 
class less than p, this is just the identity .•. Moreover, 
with n = pa the exponents ej, j = r +l, ... , i,, arer 
multiples of l 1' since n (13), 13 ~ p-1, is a binomial · 
coefficient such that the numerator contains n as a 
.'•· 
factor but the denominator contains factors not exceed-
ing p-1. • That is to say, e. is a sum of terms each 
J 
of which contains n as a factor. 
-~: ·:. ! 
~ ,, '="' ~. 
.  
/ ). 
·-
< :.~ 
·.i· 
r': 
2.1 
\ 
CHAPTER 2 
BASIC PROPERTIES 
Definition. A G • said p-group l.S 
for any two elements a and b of 
1/.' we have 
a, a a, a a, 
. (a~P = aP bp p p xl .•. xt • 
where x1, ... ,xt • are 1.n 
1 <a, b> . 
-10· 
to be regular if 
G and • a, in 
2. 2 Theorem. (i) (M. Hall). Every p-group of .C:l:as:s,: :1.ess, 
than p is regular. 
. j-
(ii) (M. Hall). Every p-group of or-d·er at~ 
most pp is regular~ -
(iii) (M. Hall). A p-group G is regular 
if every subgroup generated by two elements in G 
is regular. \ 
.. 
(iv) (M. Hall). Every subgrou.p _a.nd- f::a_c.',tOr 
group of a regular p-group is regular . 
(v) (Scott). An Abelian p-group is regular. 
(vi) (Grun). Every p-group whose elements 
other than e are all of order p is regular. 
Proof. (i) follows from 1.4. 
(ii) · follows from (i) since a group of order 
at most pp has class less than p. 
(iii), (v), (vi), and the first part of (iv) 
follow· from the definition. 
We now prove the sec·ond · part of (iv) by showing 
'· 
I 
.• ( 
• 
·11 
r that the homomorphic image of a regular p-group.is, 
• 
regular. Let a and b be members of the regular 
a aa pa pa 
p-group G. Then (ab)P = aP bp x1 .•. xr ,where the-
"\ xi's, i = 1, ... ,r, belong toAib>1. Let T be a 
' ........... <..,) • ' 
I 
:.-. 
homomorphism of G, and apply it to the above state-
ment. Then we have 
a, 
T((ab)P) a a a a = T (aP bp x1 P ••• xr P ) ' 
where T(x.) 
9 l. is in T(<a,b>1). But t~is is the sa~ 
as 
' ' -~ '. . ,. , 
a a a a .a 
(T(a)T(b))P = (T(a))P (T(b))P (T(x1))P , .. (T(xr))P -
where T(x.) 
l. 
1 <T,(a),T(b)> . 
T(<a,b>1) = (T(<a,b>)) 1 = • • l.S 1.n 
·2. 3 Theorem· (Scott). If G is a finite 2-group, ·t.h·en . :G 
is regular if and~only if G is Abelian. 
~ ' 
t 
Proof. If G is Abel~fan, then it is regular. 
Conversely, suppose that G is a regular non-Abelian 
2-group of least order. If o(G1) > 2, then G1 
, contains a subgroup H normal in G of order two. 
' If G/H were Abelian, then G1 S H. So G/H • 1.s non-
Abelian and regular which contradicts the minimality 
of G. Hence o(G1) = 2. By regularity (ab) 2 = 
2 2 2 2 1 
ab x1 .•. xt where xi' i=l, ... ,t, is in <a,b>. 
Thus (ab) 2 = a2b2 since x. is in 'G1 which has 
l. 
order two. Then G is Abeiian. This is a co·ntradi-etion. 
• 
t 
I 
l 
r· 
! 
' {, 
12 
2.4 Theorem (P. Hall). If G is a regular p-group, then 
-
. a the product of the p th powers of two or more elements 
of G . - a i·s itself the p th power of some element of G. 
Proof. It is enough to show tha't if a and b are 
in G, then there exists a C • in G · such that a a a 
aP bp = cP because the result for a product of 
-~ more than two p°'th powers will fallow by repeated 
·' 
_applications .. 
-~-
Case 1. G • Abelian. Then - ab will suffice. l.S C -J 
Case 2. G • non-Abelian • We the l.S suppose 
theorem holds for every prc6per subgroup of G and argue 
by indqction over the order of G. Regularity implies a a a ,a, a a 
aP bp = xrP ... x2P x1P (ab)P where each xi, i=l, ... , r,. 
is in <a, b>1 • Thus the x. 's are in G1. Hence l. 
' L = (ab, x1 , . .. ~xr> =: (ab, G1>. Because · G is non-
Abelian, (ab,G1> is a proper subgroup since G1 
is a subgroup of the Frattini subgroup of G, and thus 
all it's members are non-generators of G. So L • l.S 
a proper subgroup of G, and the theorem holds f-or .L. 
,.~~ 
a, ct a, Thus there exists • L such that aP p· - c:P. a C in b 
- • . . \ 
2.5 Remarks. If G is a regular p-group, 2.4 proves that 
the set of p°'th powers of el.ements of G form a sub-
group of G. · This subg't°oup is denoted 1{_ (G) or Z{; 
when it is clear as to what group we are referring. 
·-This is easily seen to be a characteristic subgroup 
of G. 
.. ;.. -- . 
-- ,·· ~·-----~ 
... •.. 
'I i' 
. ~: 
l 
'I-' 
: 'I 
'.< 
... 
" 
.13 
2.6 Theor~m (Scott). Let G be a p-group. Of the conditions 
(i) G is regular,. , 
j 
(ii) for a1·1 a and b in G, there exists a c .. 
in <a,b)1 such that (ab)P = aPbPcP, and 
(iii) if H is a subgroup of G, then Vn(H) is 
a subgroup of G and [ l..Jn(H)J 1 is.a subgroup 
of ~(H1), 
either (i) or (i'i) implies the other two. 
Proof. We assume that G is ~f least order such 
that the theorem is false and aim for a contradi·ction .. 
Then a· is a group where either (i) holds and one of 
f (ii) or (iii) does not hold or (ii) holds and one of 
(i) or (iii) does not hold. If either (i) or (ii) 
. ~ 
holds for G, ,!hen (i), (ii), and (iii) hold for all 
~proper subgroups of G by our assumption. 
Case 1. Suppose (ii) holds. Let H be a sub-
group of G. We .,show that (iii) holds by induction 
on n for both parts . 
' 
We first show that U (H) 
n 
·is a subgroup of G' 
• • 
Let and b be • "'1' a 1n H. · For n = 1 we wish to show: 
.. 
aPbP . is • 
-Ul (H). in Without loss of generality we 
may let H = <a, b) since if aPbP- is in U 1 (<a, b>), 
~-
• in 1.Ji (H), If H _is cyclic, then 
aPbP = (ab)P which is in I.Ji{H). Suppose H • not: l.S 
' 
cyclic. Then (ii) implies there exists a • Hl C in 
.... 
I 
·..J 
so that aP.bP = (ab) PcP. As in the proof of 2. 4 . H1 
is contained in the Frattini subgroup of H, and so 
(ab;c> C H. Thus (iii) holds for (ab, c), and there 
exists a d in <ab,c> so.that (ab)PcP = dP. Then 
aPbP = dp where d is in H, and the proposition 
. 
14 
holds for n = 1. We now assume -U- (H) 
n 
is a subgroup 
of G. Since the proposition is true for n =l, we have 
u-1 (-o;(H)) is a subgroup of G. But "Vj_(~(H)) =~+l(H). 
- , 
Thus -the proposition holds for n + 1. 
We now show that tt:r (H)] 1 is a subgroup of I.fn (H1). 
. n 
Let a and b be in H. For n = 1 we wish to show 
(aP, bP) is in V-1 (H 1). Without loss of generality we 
may let H =<a,b> since if (aP,bP) i's in U 1 (<a,b>
1), 
t~en · (aP, bP) is in ~ (H1). By (ii) we have 
(a) there exists a d in H1 such that 
(a-1)P(b-l)p = dP(a-lb-l)P, 
(b) there exists a c in H1 such that 
aPbP = (ab)PcP, and 
(c) there exists a g in <a-lb-1,ab)l £ H1 
such that (a-lb-1)P(ab)P = (a-lb-1ab)PgP. 
Since H1 £ G1c.G, H1 is regular, and there exists 
an f in H1 such that dP(a-lb-1ab)PgPcP = fP. 
By (a), (b), ., and (c) we have) 
~. 
.., .. -
r ' • 
... 
·" 
_ . . . ·. ,-..~··--- -~~~w ~---A···-~---···-,---.. .... ~-..-,c.,,.~,-J·~-'-'' -···· _i-111.~.~:":-:'~:'i'-Y':-·.-·,··.:c:'.-"'.'~.-,'!"' 
___________ 11111111111 _ ___ __;...~l!IJl' .,,,.> .. ,, " , '. '0 
·, ~ 
.. -, 
/ 
. ~-· ; . 
'.. ;;,J . 
{ ,) 
(aP,bP) .= a-~-papbp 
4' ' 
=(a -l)p(b -l)·PaPbP 
' = dp (a -lb -l) P\ab) PcP 
= dP(a-lb-lab)PgPcP 
= fP. 
15 
. 1 I is in U 1 (H ), and so the proposition 
holds for n = 1. We now assume [ 1.r (H)] 1 is a sub-n 
group of ~(H1), and prove that [ -c..Tn+l(H)] 1 is a 
subgroup of -u-;+1 (H1). Since the proposition holds 
for n_ = 1, we have 
[ U1(-Un(H))]l ~ Ul([ -Un(H)]l). 
Thus [ Vn+l(H)] 1 = [U1(Un(H))] 1 .. 
This proves (iii)e 
~ 1Jl([lf"n(H)]l) 
9. 1!1 ( V-n(Hl)) 
~ Vn+l (Hl). 
.. 
We now show (i) holds by induction on n. Let a 
and b be in G. For the case n = 1 (ii) implies 
(ab)P = aPbPcP where c is in <a,b>1. ·We as~ume 
· n(\ n n n . n (ab)P · 9 aP bp x1P ... xrP where xi' i=l, ..• ,r, 
n+l n+l · n+l n+l is in <a,b>1' and prove that (ab)P = aP bp y1P ..• n+l 
Ytp where yi'i=i, •.• ,t, is in <a,b>1: S·ince (a,b>l ~ 
G1 C. G, <a,b>1 is regular and there existS a c in 
1 Pn p~ pn n <a'b> h th t p s s UC a X :ii. X 2 • • • X r = C • 0 
.~· 
V 
' 
,· f·. 
. \ 
' 
' 
~·· 
n+l 
- n (ab)P ·= ((ab)P )·P .. ·· 
_ n n n pn p 
- (aP bp xlP •.• xr ) 
n. n n 
. = (aP bp cP )P. 
f Also (ii) implies there exists a g 
., n n [ZTn(<a,b>)] 1 such that (bp cP )P = 
-~.' 
,, 16 
\ 
["Un(<a, b>)] 1. 
n n in <b p , C p ) l ~ 
n n (bP. )P(cP )PgP 
Finally [~ (<a, b>)] 1s Un(<~, b>1) implies there exist 
and • X y in 
Then we have 
n+l 
(abf 
<a, b> 1 
n n 
such that- d = xP a:pd·g = yP • 
n+l n+l n+l n+l n+l 
= aP bp cP x11" . yP 
where c, x, an.d y are in (a, b> 1. Thus (i) holds, 
r, 
~ 
,l ' 
So if (ii) holds, then we~have that (i) and (iii) must hold. 
Hence (i) must hold and one of (ii) and (iii) does not. 
Case 2. Suppose (i) holds. Then (ii) holds for 
let· a and b ·be in G. By (i) there exist x1,." .. ,x . r 
~in (a,b>1 · such that (ab)P = aPbPx1P •.• xrP.,,But 
1Ji(<a,b>1) is a subgroup; hence, there exists a 
1 p ' p p c in <a,b> such that x1 ... xr = c. Thus 
. -.... 
• . 
.r . 
... 
·\. 
., 
.... . 
~ ·-' ; ,' 
• ! 
,: 
' i: 
~ 
; 
'·· 
:·1 
I 
I 
J 
• 
. I 
I 
LI 
C 
C 
[ 
C 
t 
' 1 ·1 
I 
. I 
' . --~ 
... 
(ab)P = aPbPcP for c in <a, b)1.. So (ii) holds. 
By Case 1 (ii) holds implies (iii) holds, and we 
have that G is a group such that (i), (ii), and 
(iii) hold. This is a contradiction. .,. ' . , . 
2. 7 Theorem (P. Hall). Let G be a regular p-group 
.,. . 
17 
and·· a and b be any two members of G. Then it is 
always possible to find elements x 1,x2, ... ,x& in <a,c>1 
a, a p a, . where c = (a, b)" such that (aP , b) = cP x1 · ••• x8 P . 
a a· a a pa Proof. Regularity implies that (ac)P = aP cP x1P ••. xs 
. a, 
h . -1 (:' . . l B . ( ) P -were x., 1-, .. ,s, is 1.n <a,c>. ut ac -1 a a a (aa-lb-1ab)P = (b-1ab)P = b-lap b. Thus 
a a. a a .a: 
= a-p aP cP xlP ..• xsp·· 
- p°' . p°' p°' 
- C x 1 ... x 8 
/ 
2.8 Lemma. If K = <a,b>, then K1 = <k-1 (a,b)k: k is in K>, ~ 
Proof. (a,b) is \n K1 . which is normal in K. There-
£ ore, <k-l (a, b) k : k is in K> £ K1 ... Now any two elements 
and kz of ~ may be expressed as and 
Yi···Yn respectively where m and n are in 1'( and 
x. and y. are a or b. Thus a generator of K1 l. l J 
has the form,(x1 ••• xm,y1 ••• yn) = v(xi,yj)kij where 
.. 
'."', 
·L 
L 
·' 
·~ 
I: 
,. 
' 
.\I 
•: 
/ 
' 
... 2. 9 
18'. ... 
' l ; .'.,, .• 
'·, 
xi and yj are a or b and k .. l.J is in K. The 
.order of the factors is arbitrary, but 
on the order. Thus every member of K1 
of <k-1(a,b)k: k is in~-
k. . depends l.J 
is a member 
Theorem (P . Hall). Let G be. a regular p-group, 
be in G. Then 
~-
and let a a·nd b 
a 
(i) (aP , b) = e if a, and only if (a,b)P = e, 
a (ii) if aP • the l.S least power of .a to be 
permutable with bp
a, 
b, then is the least 
power of b to be permutable with a, 
(iii) the order of (a,b) cannot exceed the orders ( 
of either a or b relative ·to the center 
of (a,b>, 
(iv) the order of any complex commutator of weight 
greater than 1 and containing the element a as 
a component can never exceed the order of a 
relative to the center of G, and· 
(v) the order of the product of any number of 
elements of G cannot exceed the orders of 
all the factors. 
' Proof. Before proving this theorem we would like to show 
a fact which will be used several times in the proof. 
Let L· be a'regular p-group which is generated by 
two elements Yi and y2, and assume 2.9 holds for L. 
:,. 
•:::, 
.. ' 
.. 
.. }. 
, . 
• <· 
;) ,_, 
<;i, 
& 
. " 
If x is in 11, then o(x) ~ o(y1). For by 2.8, 
we have 11 = <l-1 (yl'y2)1, :1 is in L), By (iii) 
of 2.9 we have o((y1,y2)) ~ o(y1) relative to 
the center of L, and tl1us o((y1,Yz)), ~ o(yl)~ 
, 
o(!-1(y1 ,Y2)l) ~ o(y1 ) j Hence for eac,h • L. in 
19 
Ll If • • then • a product of conjugates X l.S in X 1S 
' 
w 
of (y1,y2) each with order less than or equal to 
o(y1), and so by (v) of 2.9 o(x) ~ o(y1). 
Since the theorem is true when G is Abelian, 
we assume that G · is non-Abelia11. We will argue 
· by induction on the order of G and assume 2.9 is 
true for every proper subgroup of G. 
We first prove (i). By 2. 7 
• • • XS 
a, p :.. 
where c = (a,b) and x 1 , ... ,xs are in <a,c)1 . a . 
Suppose (a,b)P = e. Let L = <a,c>. Since L 
is a proper subgroup of G, the theorem holds for 
L by assumption. Therefore, o(x.) ~ o(c) for 
a, 1. 
i = l, ... ,s, and thus xiP ·= e. Then * becomes 
a, 
(aP , b) = e, 
Pa Pa Conversely, suppose (a · , b) = e. Then a lies 
in the center of· K = <a,b> and thus in the center 
of L = (a, c> where C = (a, b). Again L • l.S a 
•··~ ....... 
• 
.. 
l 
I 
! 
I 
i 
t . 
-
"' 
.. 
f 
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' proper sub·group of G, and so , o(xi) ~ o(a) relative 
e 
the center of· L, where 
a, 
. p 
and x. = e. 
l. 
Then * 
i=l, ..• ,s .. Thus 
a 
becomes e = cP. 
o(xi) ~ pa., 
So (i) is 
proven. Observe that a consequence~ of (i) is that· 
the order of (a,b) · is equal to the order of a 
relative to the center of <a,b). 
We now prove (ii). Suppose 0, p is the least 
power of a to be permutable with b, and so 
a. . a, 
(aP , b) = e. Then by (i) we have (a,b)P = e. 
Since o((a,b)) = o((b,a)), we have 
a 
(b, a) P = e. 
0, 
Then by (i) (bP ,a)= e. 
-~ 
Let pf3 < pa.. If bp 
were to permute with 
~ 
f3 
a, then (bp ,a)= e which 
implies (b,a)P = e which 
' ~ 
implies (a,b)P = e 
f3 
which implies (aP ,b) = e. This is a contradiction. 
We now prove (iii). This follows from (i), 
for let a p 
)i 
be the order of (a, b), and let 
be a non-negative integer such that ~<a. If 
f3 ~ (aP ,b) = ~' theri (a,b)P = e, which is a contra-
diction. Since o((a,b)) = o((b,a)), the proof is 
complete. 
., 
We now prove (iv). Proof is by induction on 
the weight n of a complex commutator. The case 
, n = 2 /s (iii). We assume the proposition is true 
for weights less than or equal to n and seek to 
. prove it for n + 1. Let c be a complex commutator 
.. 
• 
~- r_ 
... 
c.. 
~--
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'~-
of weight n + 1 containing a, t\il as a component. 
Then c is ·an expression of the form (c1,c2) 
where c1"' ot c2 is a complex commutator of weight 
less than or equal to n and containing a as a 
component, say c1. Then (iii) implies o((c1,c2)) 
~ o(c1) relative to the center of <c1,c2>. Thus 
o((c1,c2)) ~ o(c1)relative to the center of G. 
The induction hypothesis implies o(c1) ~ o(a) 
relative to the center of G. Consequently, o((c1,c2)) ~ 
o(a~ relative to the center of G. 
r 
. . . . 
It remains to prove (v). Since G is-; regular, 
we have 
a a a a a 
**( )P - aP bp p p ab - x1 · ... xr 
where the x.,i=l, .. ,r, are in 
l. 
the max {o(a),o(b)}, and let 
l <a,b~. 
K = <a, b). 
Let p~ 
By the 
denote 
remarks preceeding the p,roof of 2. 9 there exists a 
I . 
set of genera tors of K1 such that none has order 
. 1 
exceeding the order of a. Since K C G, no 
·element in K1 has order exceeding the order of a. 
t3 
Tpus o(x.) ~ o(a) ~ p~. Then x.P = e, and ** gives ~ 1 l. 
(ab)P = e. By repeated applications we see that 
.. 
l the order of a product of elements of G cannot 
exceed.the orders of all the factors.· 
~-:. ·' 
,.,. 
.•.. .. .... ;._, . ,~ •. : 
• 
... 
I 
! 
. < 
; 
1 
,. 
,, 
2.10 Example (M. Hal_l).. We now give an example of a 
p-group which is not regular. Consider the 
symmetric group 4S 2 on p
2 letters. 
p 
Let a 1 = (1,2, .•• ,p), 
.I\ 
a2 = (pt.1, p+2, .•• , 2p), 
• 
..•. 
• 
: 
ai = ((i-l)p+l, (i-l)p+2, ••. ,ip), 
• 
:.~ 
• 
ap = ((p-l)p+l, (p-l)p+2, .•. ,pp). 
~ 
Let A= <ai: i=l, ... ,p). Now o(ai) = P,.and the 
~
a. 's are disJ·oint, and so a.a. = a.a .. 
l. 1. J J l.- Thus A 
is an elementary Abelian p-group. Hence A • l.S 
.. 
the direct sum of cyclic groups each of order p. 
p 
T·hus o(A) = pp · A since = .. 
22 
_ 2 . · · 2 b - (1, p+l, '2p+l, ••• , p -p+l) (2, p+2, .•• p -p+~) ... (p, 2p, 
2 . 
. . . 'p ) . 
\· 
..,, 
!hen o(b) = p. Let B =:<b>. 
. ·~--····-~·,---..,.-~ 
.\. 
\ 
,J, 
' ,. 
I, 
J 
'. 
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We first show that AB is a subgroup of order 
pp+l. By simple multiplication we see that b-1aib 
ai+l .. where the subscripts are taken modulo p. 
Thus b is in N(A) and so B ~ N(A). Therefore, 
AB is a subgroup of S 2 • Since members of A and p 
B are products of disjoint cycles, and no member 
of A contains a cycle equal to a cycle in a member 
of B, it is impossible for. A and B to have a 
permutation in common other than the identity. 
Thus AnB = e. Therefore o(AB) ~ pp+l. 
We now show that AB is a p-group which is 
not regular. First we show that 
2 • 2 of order Consider (ba1) P p . • 
8 i+l we have a1b = bai+l' and so 
.. 
-
. 
~ bbbbba5 .•. ba5a4a3a 2a1 
• / 
... 
AB has an element 
From b-1a.b = 
l. 
. ~. . ·rs· 
.. 
~ . 
. ,. 
-
I 
' . 
"I 
2. 11· 
:·i 
~' . 
Since the a . 1 s 
1 
since bp = e, 
24 
.. 
.commute and have order and 
. 2 
we have (ba1)P = 
=[bPap ... al]P 
= [ap ... al]P 
p p· p 
= [apap-l ; •. a1] 
.. = e • 
Now the product ap ... a 1 is not 
are disjoint.· Thus o(ba1) = p
2
. 
e since the a . 's ]_ 
Recall that 
and b 
regular, 
both have order p._ Thus if 
o(ba1) ~ p by 2.9. But 
thus AB is not regular. 
AB/ were 
o(ba1) = p2; 
, ... 
,. 
Theorem (P. Hall). Let a and b be in a regular 
a a a p-group G. If aP =hp, then (ab~1)P = ~ and 
conversely. 
Proof. 
a, a, 
Suppose aP = bp. I I By regularity we have 
1 a· p°' 1 a a a a - a (ab - )p = (b- )P p p - p p a xl ... XS - xl ... XS 
where x., 
l. 
i =1, ••• , s, belongs to the derived group 
K = <a, b -l> 
0, p°' 0, of =·<a,b>. Since bp - bp 
- a 
' 
commutes with powers of a and of b, and so 
.... 
·, 
• 
I • . 
' 
t 
I • 
. 
' 
I 
' ,, 
!, I 
I j 
g 
l 
I 1 
•'. 
'· . 
' 
I 
0 
,r 
].1. 
.. , 
,. 
··.:-
~ 
·, 
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a 
bp belongs to the center of K. By the opening 
' 
remarks in the proof of 2.9 o(x1) ~ o(b) relative 
to the center of K, and thus o(x.) ~ pa. Then 
a 1. a 
x.P = e, i=l, • •• ,s, and we have (ab-l)p. = e. 
1. a 
Now suppose (ab: 1)P = e. Let t = ab-1 ; 
a a a a a a a a a 
then aP = (tb)P =tP bp y1P •.• yrP = hp Y1p •••Yrp 
where y1, •.. ,yr belong to the derived group of 
K = (t,b) = (a,b). Again by the remarks preceeding 
the proof of 2.9 o(y.) ~ o(t) ~ p°', i=l, ... ,r. 
a 1 a a, · 
Thus y.P = e, and so aP = bp . 
1. 
J 
:~ 
. ' 
., 
~: 
• 
·.J 
.. · .. 
i 
j.: 
':.""7 
t r.· 
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.. CHAPTER 3 
INVARIANTS 
In this chapter G is a regular p-group, and a 4 
and are non-negative i~egers. 
3.1: Definition. We denote by pµ the highest order of 
'\., 
any element of G. µ · is an invariant of G, written 
µ or µ (G). 
3.2 Definition. By 2.9(v) the set of elements of G 
whose orders divide pa is a subgroup. This sub-
group is denoted Sl (G) or il . It is clearly a · a a. 
3.3 
-<\ 
· characteristic subgro~p of G. 
Remarks. Since 
pµ but none of 
·G -
0 (1) 
G - µ 
(2) 
G possesses an element 
order µ+1 have p ' we f 
·1 ••• µ-1 µ = e, 
µ-1. • • • 1 0 == e 
' 
(a = O, 1, •.. , µ) , and 
(a = 1, 2, ... , µ). 
of order 
,,,;, 
Pa The first expression of (2) is true since for x 
a, µ-a, µ . in~ we have [xP ]P = xP = e. To verify 
the s~cond expression of (2) simply pick an element 
: I-· 
" :, .. ... . - ....-~,__ 
• 
,· 
··~-~,- ............... ' b ......... ------- .. -
3.4 
f 
: ~ .. 
: ·' 
·.: 
.. ,,..-1 
... 
'2:7 
a-1 
. y in G whose order is pµ. Then yP is in 
.. 
15.: 1 , but a-
a -1 µ -a, · µ -1 
[yP JP = yP f e, and a-1 so yP 
• not inSl . Thus (2) • that l.S again expresses µ-a 
pµ I • the highest order of an element of G. l.S 
For a, = o, 1, ... , µ-~ we have 
.------.__ 
\. 
a, t3 
. [-,,. . p. ] p = -r r' 
since .. va+f:3x va,~ and 
f3 
[..Qa Y] P = ~, where 
G and y is in Sl .J..A. 
a.~. 
• • X l.S l.n 
Lemma (P. Hall) • .i\+i3 {G) = {x : 
Proof. Suppose· x Then 
a+~ 
xP = e 
r 
a ~ 
and ·so (xP )P = e. 
., 
a 
Thus xP is in fl.13 • Then 
a, 
xP _CT. ~D · that f3 t3' 
• 
l.S' 
a, 
r--\ p· _n 
· (x ...\. J.13) - ...\. l-13' Therefore 
x.013 is
1in.Oa(G/S1 13). conversely, let x be a 
member of G such that xi\ is in .fla (G/..O. 13 ). · 
a . a, 
Then (x.0.13 )P =D. 13 ; that is, xPJl.13 =~. Thus 
a, / a, f3 . 
• 
' 
xP is in {l l3. Therefore (xP ) P = e, a!1d x l.S 
in ..Q.a~(G). 
/ 
,: 
.... 
... 
• 
... · 
, . 
• 
I 
\. 
r 
3.5 
j.: 
.. 
\ 
28' 
Lemma (P. Hall). o(D/.D. 1) = 0 ( v-a.-111.T a.> a a-
for a= 1, ... ,µ if and only if o( 7Ja.) = o (G/ _()_ a.) 
for a = 1, . .. , µ. 
" 
a,= 1, ... ,µ. 
,. 
The proof is by induction on a. First 
. we consider the case a. = 1. o(.O.. 1/ .D-0 ) = o ( ~c/ V-1) 
implies that· o( V-1) = o(V-0 ) o( Q 0 )/o(SJ-1)~ . 
That is, o( U 1) = o(G/0- 1) by (1) of 3. 3. We 
assume o( '7F ) = o(G/JL ) and will prove a a 
... = o(G/..0..a.+~· We have that 
o(-Ua.) = o(G)/o(Sla.) 
= o(G)/o(.Da+l) o(Da.+l)/o(.D-a) 
• 
= o(G)/o(.D-a.+i) o(Ua.)/o( Ua.+l) . 
Thus 
' ... 
,• 
o( Ua+l) .= o(G)/o(..O..a+l) o(Ua)/o( Ua) 
= o(G)/o(Jl.a.+l). 
Now suppose o(Ua.) = o(G/Sl.a) for a = 1, ~ .. , µ. Then 
o("Z.Ta-l}o(.fta._1) = o(G} for a.= 1, ••• ,µ since the 
r&: 
/ :(,' 
'.,J"'!. . 
:·~ . 
. .; ... : 
··.•· 
. . y 
,: 
3.6 
'< ., 
. ;·· 
·~· 
! . 
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only.case different than the assumptions is 
which by (1) of 3.3 is o(G). Hence 
o(V )o(n_ ) 
0 0 
and so 
ma The order p of· -n; D 1 . a, ' a,- • lS Theorem (P. Hall). 
equal to the~order of 
-V-a -1/ -U-a for each et = 1, •.. , µ. 
Further, the invariants ma satisfy 
Proof. For • G Slag = {x • G: gx-1 • in .D.a} g in in ' l.8 
(gx -1) p a that • all such that == e. By 2.11 l.S' X 
a a, . 
this implies that gP ·= xP . So the elements of 
• -1 
' 
of _fl a a any coset • G all have the th in same 
.P '' 
power. Conversely, if two elements of G have the 
a, 
same p th power, they belong to the same coset of 
.il. Thus the a,. a. ' -number of.p th power& is equal to the 
\ 
number of cosets of Sl. Hence for a= 1, ••• ,µ we 
a. 
have o(G/Sl.a = oCV ... a) and so o(-(la/...(l a.-l) = 
o(Va-1/'Z.Ta) { 
For the, second part ot-the theorem it suffices to 
prove that :~1 ::; ro2 or that o(...0. 2/s:L 1 ) does not 
exceed o(_D_ 1). 
.... 
~· ' 
' ' 
• .. -··:,··-:.::_;-,..~_,.-:,-r .. :1,~·:.;·/:-:-::--.----~""'""'~~~·"';.""'1~:-r 
• 
' 
\ . 
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The reason is if we apply this result to G/..0..~, 
we have I 
that is, o(.0-~+z(G)/n~+l(G)) ~ o(l\,+i(G) which says 
. (l)t3+2 (l)f:,+ 1 
i) . ~ P or ro~+ 1 2. ro~+2. 
We now show o(..11i/.n.1) ~ o(Sl.1) .. We may assume 
µ(G) ·~ 2 · since otherwise there is nothing to prove. 
Now µ(Sl.2 ) = 2. Hence by (2) of 3.3. 
' 
v-1 (-(12> £1-1 <~> = ..n.1 <Jl2> = Sl 1 (G) = ll 1~ 
part~of the theorem, which says o (Sl. ) /o (V- 1 ) = a a-
o(JLa-l)/o(-v;), we ~ave o(n2 (.(l-2))/o(V-1 (-°2)) = 
-0~1 (11z))/o{v2Jo.2)). But µ(fl-2) = 2, so Uz(Jl.2 ) '?" e, 
and Jl2(.l'lz) = Jl 2 . · Then 
.... 
.. . 
.. 
,I 
::· 
"'· 
·,,. 
,~: . 
. ) ,·· 
CHAPTER 4 
DIRECT PRODUCTS 
31 
4.1 Remarks. Throughout this chapter by direct product 
we shall mean internal direct product. As a matter 
10£ convenience, we shall also speak of the (internal) 
direct product of two groups G1 
actually we may be referring to 
7( 
and G2 
* * G1 x G2 
when 
where 
is isomorphic to G1 and G2 is isomorphic to 
That the direct product of regular p-groups is 
not ne6essarily a regular p-group is shown by P. M~ 
Weichsel. In this chapter we will discuss ce11ditions: 
under which the direct product of regular p-groups 
• 
, is regular. 
4.2 Lemma (Grun). Let G1 and· G2 be regular p-groups 
with · G = G1 x G2 ~ Every· simple commutator of weight 
n in G is _the product of a simple commutator of 
weight n- in G1 with a simple commutator of weight 
n in G2• 
Proof. Every element in G may be represented by 
a product 
in Gz. 
ab= ba 
Then for 
in G2 · we have 
.·~~ ·;. . 
.J 
• 
where a -is in G1 and b is 
in G1 and h 1,,,,bn 
j 
/ 
'" 
:,:. 
4.3 
4.4 
' . .,-
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-1 -1 
= (albl) (azbz) albla2b2 
_ -1 -1 -1 -1 
- al bl a2 bz albla2b2 
-1 -1 -1 -1 · 
= al az ala2bl bz b1b2 
• 
Hence it follows by induction that 
Theorem (Grun) . Let Gl and G2 be regular p-groups :• 
and· G2~is regular if 
The direct product of Gl 
the classes of Gl and G2 are smaller than p. 
Proof .. A simple commutator in G1 and 
has weight greater than or.equal to p 
Gz 
• l.S 
whic.h· 
" 
e. A 
..1-s imp 1 e commutator in G of weight greater than or 
equal to p is the product of a simple commutator 
of weight greater than or equal to p in G1 with 
a simple commutator of weight greater than or equal 
to p in G2 and hence is e. Thus the class of 
G is less than p. 
The.orem ~ (Grun) . Let 
p-groups with G = G1 x G2. 
.... 
and Gz be regular 
If G 1 has invariant 2 
1 or O, then G is regular. 
' ' • 
·,: 
........ 
~ .· 
~ 
·~ 
.. 
... 
~: 33 .. 
;(, 
Proof. Let albl and a2b2 be arbitrary elements 
• 1n G, where al and a2 are in G1 and bl and 
. a a a 
b2 • G2. Now (blb2)P ==_blp b2p . Hence ·are in 
a a· a a a a 
= ·a P P P P b P b P 1 a2 xl ... xs 1 2 
• where xl' •.. , xs 
this we have 
are 1n As a resultii, ·of 
a, a a a a 
*(albla2b2)P - (albl)P (azbz)P xl p • • • XS p 
,,..... 
• 1 where Now 
~i,i=l, ... ,s, Xl '· • • • 'XS are 1n <a1,a2> • 
is a product of commutators; that is, xi== c
1
c
2 
..• ct 
and 
.. 
are words in and -Let w1 and 
- be 
-corresponding words ,in b1 and· b2, and let cj = 
- - - Thus 
z. 
1 
. .. . <b b >1 l.S 10 l' z. . If y. = x. z., then y. 
1 1 l l. 
• • 1S l.n 
1 a a a a Therefore, y.P = x.P z.P p <a1b1,a2b2>. = X. l l. l. ]_ 
1 ·.• • is ,1. or o . . Thus * becomes since µ(G2,) 
_ pa a a a 
- (albl) (a2 bz)P Y1p •••Ysp , 
"7\ 
and thus G is regular by definition . 
• 
t:, 
' I 
·1 -, 
' 
' 
',. 
,, 
" 
. .I 
) 
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4. 5 Corollary I I (Grun). T~e direct product of a regular 
p-group with an Abelian p-group_ G2 is regular. 
Proof. Whenever G2 is Abelian, µ(G 2
1) = O. 
4.6 Corollary ,. ' {Grun). The direct product of a regular 
4.7 
·, .. 
4.8 
-
1 • l.S 
p-group with p-group ·1 -G2 whose 
• • • a invariant l.S 
regular. 
Proof. Whenever µ{Gz) - 1, µ(G2~) ~ 1. -
Theorem (Grun). Let Gl and Gz be regular 
p-groups. If G = G1 x. G2, then the factor groups ·· 
G/~1 (G1
1) and G/ 151 (G21) are regular. 
Proof. (G1/ Ui (G11) 1 = G11 /7..T 1 (G11) which has 
invariant 1. Al~o G/-z..T1 (G1
1) is isomorphic to 
·l G1/;v- 1 (G1 ) x G2 under the map i, -where i carries 
G1/7.J 1 (G11) x G2 to G/ if 1 (G1 1) and is defin~d by 
........ 
for x in G1 ~and y in G2 .. That 
isomorphism is immediate. Thus by 4. 4 G{V-1 (G11 ) 
is regular. An analogous proof holdS for G/ir1 (G2
1) . 
• ,I Theorem (Grun). Let G1 and G2 be regular p-groups 
G1 x _n 1 (G2) and Sl 1 (G1 ) x G2 are regular normal 
subgroups of G = G x G '·· 1 2 . 
... 
. -~· 
.·, 
. :• . ;; 
.. . 
I 
r 
,, 
. ; 
i 
,~ . 
• 1 
\~:1 
·; 
,I 
I.I 
I) 
:, 
·iJ 
L 
I 
,· 
. I 
' I 
a. 
r 
.\ 
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Proof. It follows from the definition thB.t D
1 
(G
1
) 
and Jl1 (G2 )_ have invariant 1. 
Lemma (Alperin). Let G be a p-group, when. p • 1.-S·: 
odd; such that every 2 generator subgroup of G :has. 
a cyclic derived group. Then G is regular. 
Proof. Let a and b 
( 
be in G. By 2.6 it suffices 
to show there exists a k ill d/(. such that (ab) P = 
Let H = (a, b>. Then H1 is cyclic 
and so H has class at most two. It then follows 
from 2.8 that e1 = <(a,b)>. The derived group of 
• l.S Hl h ,1 (H 
1) d th f h 1 v 1 an, ere ore, as 
inv1iriant 1 and so order p. 
of c!1.ass 2 and is, therefore, regular since 
odd. By regularity we have 
'LJi(H1)(ab)P = 1.{(H1)aPbP(Vj_(H1)c)P 
= U (H1) aPbP 1 
• l.S 
• p l.S 
where c is in H1 and so cP is in 1.fi(H1). 
modulo Since (a,b)P 
generates 'ZJ;_(H1), we are done, 
.... 
·, .,. 
.. 
• 
•• 
:,..,_,,.~ .. ~~·· ' .. i. ~:..; ....... '. 
~· 
.,. 
···. 
__ I 
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Lemma (Alperin). Let J be a 3-group such that 
(i) J can be generated by two elements, 
h Q 
(xy)3 (ii) J satisfies. the identical relation -
x3 3 .. and y ' 
Jl ~ (iii) every element of ha·s order at most 
three. 
Then J is of class at most two. 
Proof. First we show that J has class at most 
three. To do this we use an inducti~n argument on 
o(J) and so assume the lemma is true ·for all 3-groups 
satisfying (i), (ii), and (iii) and having order 
less than the order of J. Suppose the class of J 
~ 
• greater than or equal to four. Let K = J/J3, 1S 
where J3. • the fourth member of the lower central l.S 
• of J and thus J3 f e. Then o(K) < o(J), series 
and also K ·satisfies (i), (ii)' and (iii). Then 
by the induction hypothesis the class of K is less 
.. ., than or equal to two. That • is, 
We then have K2 = J 2/J3 = e. This implies that 
' J2 = J3 which is a contradiction. Thus we have 
shown that J has class at most three. 
If a and b are in J where <a,b> = J, then 
a3b3 = (ab) 3 = ababab 
2 . 
= a b(b,a)bab 
•• 
·, 
' I,': 
' '1 . 
• 
11:.·· 
... 
".h, 
------·-·-----------···----·-........ , .. ~ 1···-.. ··1·-.. -- ---·-·---.... -., ..... -----···•---~---••P--M·------,,-··---·-· ~-.. ·--~---~ ..... _....r .. ----·---·-,-..-..... ---~+---·-~ ~--·~- ·, ---··----··-------·--... -... ~ ... --· ___ ,__ .... ..,... ~-.. . , ..... __ ----~ ,-~~ ·~-·--------------·---·~·-.. ---- • • .: 
,. 
·, 
.i 
3· 2 
= a b(b,a) (b,a,a)b(b,a)b .• 
•. 
= a3b2 (b,a) 2(b,a,-b) 2(b,a,a:) (b,a)b · 
_ 3 3 2 4 ·. . 
- ab (b,a) (b,a,b) {b,a,a)(b,a)(b,a,b). 
Since the class of J is at most three, commutators 
in a and b of weight at least three belong to 
the center of J, Thus by (iii) wel"have 
33_33 3 .s 
ab - ab (b,a) (b,.a,1:i) (b,a,a) 
d 
_ 3 3 1 2 
.-_ab (b,a,b) (b,a,a). 
:Therefo·re 
.. 
.. 
. *(b,a,b) 2(b,a,a) = e 
Replacing b by b2 yields 
= abab (b, a) bab (t>, a) bb_ 
= aab(b,a)b(b,a)ab(b,a)b(b,a)bb 
_., 
~ a2b(b,a)ba(b,a)(b,a,a)b(b,a)b(b,a)bb 
= a2b(b,a)ab(b,a)2 (h,a,a)b(b,a)b(b,a)bb 
= a2ba(b,a)(b,a,a)b(b,a) 2(b,a,a)b(b,a) 
b(b,a)bb 
.... 
..... 
•'..-JI. 
.. : 
·• 
••• •• <•••••'-•·•••-••··•>'°•-••••-•'--•-••••-·•o•<· .... •<"• •··• • •• ••·•••••"'"" • • .. ,.., ··---•••"r•--,·-· .... -. •. , ___ ,,,, ••• •• ----••••-••• • -•••;-•·'•,•~·-•••• ·~·M-,0 .. - ..... .-- ·--·-••••-- •···----- - • -- ~- --..... - -- ••-• --- •• - ,.. 
•. ~--~ -- ... -· -· ............ ._~ - -~ -: .. ___ ' , ..• ~, ..... ~.:'.-........ - .:.... -- - ...... -•• •-.---- -- ~ -...•-..:·-··"--"· ---- ------ -- -____ :_-::-.~~: .. ,.,,.., .. ,-.---~-----~,~J·~-->< ··---~7~-~:1::-;,:;::;;;z:.-:-.. ;;; .. ;-.~-,-, ... --... -·:··~ .... --~~~:~~;-7;::··:;.,-·;·>·.: 
''.·);~·-,~,...-;..~·: 
• 
" .., .............. ~-·-~·~-~-··.-······-·"'-·"•-»•• .. ·-·--···--.. ·----··-.-------- ............... _. .. , .. ,,--··--·--·~,. ................. , ... _ ... ·-· 
.... 
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... 
. 
_ 2 2 · 2 
- a ab(b,a) b{b,a,a)(b,a) (b,a,a) 
b(b,a)b(b,a)bb 
3 
. 
= a b(b,a)b(b,a)(b,.a,b)(b,a,a) 
(b,a) 2b(b,a,a)(b,a)b(b,a)bb 
= a3bb(b,a)(b,a,b){b,a)(b,a,b)(b,a)~ 
(b,a)b(b,a)(b,a,b)(b,a,a)b(b,a) 
{b,a,b)b(b,a)(b,a,b)b 
= a3b3 (b,a,b) 2(b,a,a)(b,a)b(b,a,b) 
(b,a,a)(b,a)b(b,a,b)(b,a)b(b,a,b) 
·,_ 3 3 2 2 
- ab (b,a,b) (b,a,a)b(b,a)(b,a,b) 
-
- ..,_:_ ' '' 
{b,a,a)b(b,a)(b,a,b) 2b(b,a)(b,a,b) 2 
= a3b4 (b,a,a)(b,a)b(b,a,a)(b,a}b(h,a,b)2 
(b,a) 
= a3b4 (b,a,a)b(b,a)(b,a,b)(b,a,a) 
3 b(b,a)(b,a,b) (b,a) 
. -·~ 
_ 3 5 2 2 
- ab (b,a,a) (b,a)b(b,a,b)(b,a) 
_ 3 5 2 2 2 
- ab (b,a,a) b(b,a)(b,a,b) (b,a) 
_"\36 2 2 
- a b (b, a, a) (b, a, b) . 
Thus we have 
2 · 2 **(b,a,a) (b,a,b) = e. .'!""'· . 
. -;..},. i,;, . 
• 
• ( 
_____ :__.__, .... ----------·---··-------·····-·····"·-. ----~·-· ·-- -·- -..... ··-·- - - ·····- -··-·-·--------. ----------.. ·-····-----·-····· ..... -- -· ---· _ .... __ ..,. __ ... __ ....._ ........ - .. -·-
.. , 
i 
• • I 
I 
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.. 
-
•. 
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It follows from *,**,· and (iii) that (b,a,a) = (b,a,b) = e. 
Consequently (a, b) • in the center·of J. Thus for l.S 
each • • J .-1( b)' • • the center of J, and J in J a, J l.S in 
Jl • • the center of J. Therefore, the class so l.S in 
.,,--
of J is two. 
4.11 Lemma (Alperin). · If H is any regular 3-group ~hich 
can be generated by two elements, then H1 is cyclic. 
Proof. Let u and v be in H. By regularity we 
have 
:, .. 
·;. 
where • • . (u, v>1 and so 3 • • Yi (Hl). w l.S in w l.S in 
Hence the group H/Ul (Hl) satisfies the identical 
(xy)3 x3y3, relation - that is, 4. lO(i·i). H/Vj_ (H1) 
als~atisfies (i) and (iii) of 4.10 and thus has 
class at most two. Now let a and b be members 
of H/lJi(H1) such that H/Vi(H1) = (a,b>. Then 
by 2. 8 H1/u1 (H1) = (g-1(a, b)g : g is in H/ifi(H1)>. 
Since H/Vi(H1) has class at most two, H1/vi(H1) is 
in the center of H/'ZJi(H1)." Thus H1/Vi_(H1) = 
<(a, b)g -lg : g is in H/Vi_ (H1 )> ''\ <(a, b)>. Since 
H1/!.Ji(H1) is cyclic and -uj_(H1) is contained in 
the Frattini' subgroup of H1, H1 i,s cyclic. ' 
: .:. J -, !.,!t· 
• 
" 
.. 
,:, 
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4.12 Theorem (Alperin). If G is a regular 3-group, 
then G x H is regular for all regular 3-groups H 
if and only if G1 has invariant at most 1. 
Proof. Suppose G1 has invariant 1. Then 4.4 
implies that G x H is regular. 
Suppose by way of contradiction that U 1 (G1) f ~·. 
Let g1 and g2 be elements of G. such that 
(g1,g2) 3 f e. As a consequence of 4.11 and 2.8 
. . 1 
<g1,g2> = <(g1,g2)>. Now (gl,g2,-gl) is in 
1 <g1,g2>, and so there exists an m 
m ~ O modulo 3 such that (g1,g2,g1) = 
Let H· be the group generated by h1 and h2· 
with relations 
(hl' hz, h2) = e , and 
-m3a 
= (h1,h2) . 
It can .be checked that H is a 3-group. Furthermore 
by 4.9 it is regular. To see this let <a1,_a2> ~ H. 
Now <a1,a2> = (h. h .... h. ,h .... h. > where il i2 iu il iv 
1· i=l or 2 and u and v are in "le. Let x be· in 
... 
Then where 
"'· ... 
-;...• 
·:~ 
( 
\i 
.. 
---·· -·- -··-----·--·-·-·----·----.. --- ~-~,---- .. ····· 
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•· 
i=l or 2 · and q and r • are 1.n ?( . Thus 
X = 1r(hi ..• hi ~i .... h. ) where ·-1 or 2 and ~ 1.- '. 
1 s 1 l.t 
and t • 1'( . Let be factor of s are in y a x. 
h .. ~ Then y = 1r(h~.,h.) l. J where i, j=l 2 and or the~ij ~ l. J 
• are 1.n H. We then have 
,:,. h. . .. h . 
1.1 1. z 
*y = 7r ( h . ' h . ) 
l. J 
where i = 1 or 2 and· z • • l.S l.Il 1l . 
or 
. . 
Also implies -· 
a, 
(h1,h2)-m3 +l. We can let i=l and j=2 in * sifi~e 
(h2, h1) • (hl' h2)' .. 1• Using these latter relations 
reduce 
* 
that d where d to we see y - (h1, hz) -
' 
; 
1'Z = 7f (hl' h2) d ' f " • • Thus - (h1,h2) where l.S in X • 
f • • 11. Thus 2-generator subgroup of H l.S in • any 
has a cyclic derived group and so H is regular. 
It-
,., 
Now consider the subgroup K of G X ·H generated 
by glhl' and g2h2 where. and 
• gl g2 are in 
G and hl and h2 _ are 
• H. Then by 4.2 in 
I 
.J .• 
.. 
. . 
•. 
.. 
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and 
(g1hi$2hz,g1h1) = ~g1,g2,g1)<h1,hz,h1) 
- . m30. -m3a 
-<t1,g2) (h1,hz) 
If K1 were cyclic, then 
,. . . 
(g1,g2)t=,(h1, hz) 13 
is a non-negative integer. Unique representation 
implies m3a = ~ = -m3a. 
impossible. Thus K1 
G x H is not regular. 
Since m t O modulo 3, this is 
is dnot cyclic, and therefore 
... 
~:.: 
• 
~ . 
·-:.-· 
if: 
.. 
·, 
: .' ,I. 
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